In this study, the effects of viscous and Ohmic dissipation in steady, laminar, mixed, convection heat transfer for an electrically conducting fluid flowing through a vertical channel is investigated in both aiding and opposing buoyancy situations. The plates exchange heat with an external fluid. Both conditions of equal and different reference temperatures of the external fluid are considered. First, the simpler cases of either negligible Brinkman number or negligible Grashof number are addressed with the help of analytical solutions. The combined effects of buoyancy forces and viscous dissipation are analyzed using a perturbation series method valid for small values of the perturbation parameter. To relax the conditions on the perturbation parameter, the governing equations are also evaluated numerically by a shooting technique that uses the classical explicit Runge-Kutta method of four slopes as an integration scheme and the Newton-Raphson method as a correction scheme. In the examined cases of velocity and temperature fields, the Nusselt numbers at both the walls and the average velocity are explored. 
Introduction
Mixed (combined forced and free) convection arises in many natural and technological processes [1, 2] . Depending on the forced flow direction, the buoyancy forces may aid (aiding or assisting mixed convection) or oppose (opposing mixed convection) the forced flow, causing an increase or decrease in heat transfer rates [3] . Tao [4] analyzed the laminar fully developed mixed convection flow in a vertical parallel plate channel with uniform wall temperatures. Aung and Worku [5] discussed the theory of combined free and forced convection in a vertical channel with flow reversal conditions for both developing and fully developed flows. The case of developing mixed convection flow in ducts with asymmetric wall heat fluxes was analyzed by the same authors [6] . A combined free and forced convection flow of an electrically conducting fluid in a channel in the presence of transverse magnetic field is of special technical significance because of its frequent occurrence in many industrial applications, such as geothermal reservoirs, cooling of nuclear reactors, thermal insulation, and petroleum reservoirs. This type of problem also arises in electronic packages, and microelectronic devices during their operation. Oreper and Szekely [7] analyzed the buoyancy-driven flow in a rectangular cavity under the action of an externally imposed magnetic field. Alboussiere et al. [8] did an asymptotic analysis to study buoyancy-driven convection in a uniform magnetic field. For closed geometry Garandet et al. [9] studied the problem of free convective flow in a rectangular enclosure in the presence of a transverse magnetic field. For a rectangular vertical duct, Hunt [10] and Buhler [11] analyzed the fluid flow problem in a magnetic field with or without buoyancy effect. For conducting fluids, Shercliff [12] analyzed the fluid flow characteristics in a pipe under a transverse magnetic field.
Umavathi [13] studied the effect of viscous and Ohmic dissipation on magnetoconvection in a vertical enclosure for open and short circuits. Umavathi et al. [14, 15] analyzed magnetohydrodynamic flow in a vertical channel and in a vertical rectangular duct taking into consideration the effects of Ohmic heating and viscous dissipation. Singha [16] gave an analytical solution to the problem of magnetohydrodynamics-free convective flow of an electrically conducting fluid between two heated parallel plates in the presence of an induced magnetic field. Malashetty et al. [17] [18] [19] , Umavathi et al. [20] , and Prathap et al. [21] studied mixed convection in a vertical channel for one-and two-fluid models. Umavathi and Sridhar [22] studied the Hartmann two-fluid Poiseuille-Couette flow in an inclined channel. Shah and London [23] have summarized the laminar forced convection heat transfer results for various channels' cross sections, which were not reported in the literature until 1970. In the past, the laminar forced convection heat transfer in the thermal entrance region of a rectangular channel was analyzed either for the temperature boundary condition of the first kind, characterized by prescribed wall temperature [24] or for the boundary conditions of the second kind, expressed by the prescribed wall heat flux. A more realistic condition in many applications, however, is temperature boundary conditions of a third kind: the local wall heat flux as a linear function of the local wall temperature. Javeri and Koln [25] investigated the heat transfer in the laminar region of a flat channel for the temperature boundary conditions of the third kind [26] . Javeri [27] investigated the influence of the temperature boundary conditions of the third kind on the laminar heat transfer in the thermal entrance region of a rectangular channel. Later, Zanchini [28] analyzed the effect of viscous dissipation on mixed convection in a vertical channel with boundary conditions of the third kind. Many engineering applications, such as cooling of nuclear reactors, the design of a magnetohydrodynamic generator, cross-field accelerators, shock tubes, and pumps, require convection with applied electric field and mixed convection parameter. Therefore, a detailed study of the influence of magnetic field, applied electric field, and mixed convection parameter on magnetoconvection in a vertical channel with walls maintained at different temperatures is necessary.
Keeping in view the practical applications of a conducting fluid with applied magnetic and electric fields, the problem is analyzed with boundary conditions of the third kind. Both equal and different reference temperatures of the external fluid, as well as both equal and different Biot numbers are considered. In the absence of applied magnetic and electric fields, the solutions obtained in this paper coincide with those presented by Zanchini [28] .
Mathematical formulation
We consider steady, laminar flow of an incompressible viscous fluid in the fully developed region of a parallel plate vertical channel. The X-axis coincides with the axial plane of the channel and is directed against gravity. The Y-axis is perpendicular to the walls. The channel is assumed to occupy the region of space −L/2 ≤ Y ≤ L/2. The physical properties characterizing the fluid, namely, thermal conductivity, thermal diffusivity, dynamic viscosity, and thermal expansion coefficient of the fluid are assumed to be constants. As customary the Boussinesq approximation and the equation of state will be adopted.
Moreover, it will be assumed that the only nonzero component of the velocity field U is the X-component, U. Thus, because ٌ · U = 0, one has ѨU ѨX ϭ 0 (2) so that U depends only on Y. The momentum balance equations along X and Y yield
where P = p + o gX. Because of (4) P depends only on X, and (3) can be rewritten as
From (5), one obtains
On account of (7), (9) and (10) can be rewritten as
where constants appear in Appendix A. For the problem under consideration, the energy balance equation in the presence of viscous dissipation can be written as
Equations (8) and (14) yield a differential equation for U, namely,
The boundary conditions on U are
where constants appear in Appendix A, and together with (11) and (12) , which, on account of (5), can be rewritten as
Equations (15)- (18) determine the velocity distribution, they can be written in a dimensionless form by means of the following dimensionless parameters:
where D = 2L is the hydraulic diameter and constants appear in Appendix A. The reference velocity, U 0 , and the reference temperature, T 0 , are given by
The reference temperature difference, ⌬T, is given by
Therefore, the value of the dimensionless parameter, R T , can be either 0 or 1. More precisely, R T equals 1 for asymmetric fluid temperatures, T 1 < T 2 , and equals 0 for symmetric fluid temperatures,
The dimensionless mean velocity, ū, and the dimensionless bulk temperature, b , are given by
On account of (13), for upward flow (A < 0), Re and ⌳ are positive. For downward flow (A > 0), U 0 , Re, and ⌳ are negative. By employing the dimensionless quantities defined in (19) , (15)- (18) can be rewritten as
Similarly (14) and (19) yield
while from (5) and (19) one obtains
By employing (19) , (31) can be written as
Nu 2 ϭ 1
Solutions

Separated effects of buoyancy forces and viscous dissipation
The case of negligible viscous dissipation can be obtained by setting Br = 0 in the dimensionless energy equation, (29). As a consequence, the dimensionless temperature field, , is independent of the dimensionless velocity field, u. Moreover, (25) - (28) can be easily solved and yield
Using (33), (30) can be written as
By substituting (33) into (23) and (24), one obtains
Let us now consider the case of negligible mixed convection with a relevant viscous dissipation, which corresponds to ⌳ = Gr/Re = 0. Because a purely forced convection occurs in this case, the HagenPoiseuille velocity profile
is present within the channel. Indeed, both for symmetric and for asymmetric fluid temperatures, (36) is the solution of (25)-(30) when ⌳ = 0. Equations (9), (10), and (19) yield the boundary conditions on , that is,
Equations (31) and (39) yield
Combined effects of buoyancy forces and viscous dissipation
In this section, both buoyancy forces and viscous dissipation are considered as non-negligible. First (25)- (28) are solved using the regular perturbation series method, then the dimensionless temperature field is determined by means of (30). which is independent of the reference temperature difference, ⌬T.
For fixed values of R T , ⌳, Bi 1 , and Bi 2 , the solution of (25)- (28) can be expressed by the perturbation expansion
The boundary value problem for n = 0 is
with the boundary conditions
The solution of (43)- (46) is given by
The right-hand side of (46) coincides with that of (33) and gives the dimensionless velocity profile in the case Br = 0.
The boundary value problem for every integer n > 0 is
Because u 0 (y) is the known function given by (46), an iterative solution of (48) to (50) is possible and yields the functions u n (y), n > 0. As a consequence of (30), (42), and (47), the dimensionless temperature, , can be written in the form
Equations (32) and (51) yield the following expressions of Nu 1 and Nu 2 : 
where the coefficients a n , b n , and c n are given by a n ϭ Ϫ1
Equations (23), (42), and (47) yield the expression of the mean dimensionless velocity
where the coefficient d n is given by u n (y)dy (58)
Numerical solution
The analytical solution obtained in the case of combined effects of buoyancy force and of viscous dissipation, by the regular perturbation method, is valid for small values of the perturbation parameter. One has to revert to numerical methods to obtain a solution in the combined case that is valid for a full range of values of the perturbation parameter. Therefore, we integrate the nonlinear ordinary differential (25) along with boundary conditions (26)- (28) numerically. The numerical method comprises of solving a nonlinear two point boundary value problem using the iterative scheme. We employ the shooting technique that uses the Runge-Kutta fourth-order integration scheme and a NewtonRaphson correction scheme for the missing initial values. The size of the computational domain ranges from −0.25 to 0.25. The solutions are assumed to be obtained either upon the number of iterations reacing 1000 or the tolerance to the order of 10 −4 and the number of nodal points (step size) to be 10. The coupled two-point boundary value problem to be solved is given by (30), (29), (26), (37), and (38). 
Results and discussion
The problem of mixed convection flow and heat transfer in a vertical channel filled with an electrically conducting fluid with temperature boundary conditions of the third kind is investigated (illustrated in Fig. 1 ). Equation (25) subject to the boundary conditions (26) - (28) is solved both analytically and numerically for different values of the parameters, such as mixed convection parameter, Brinkman number, Biot number, and Hartmann number, on the flow for both open and short circuits. A uniform magnetic field, B 0 , is applied across the channel normal to the plates and the uniform electric field, E 0 , is applied in the vertical direction. The electric loading parameter E = 0 corresponds to short circuit configuration and E ≠ 0 corresponds to open circuit, E may be positive or negative depending on the polarity of E 0 . The effect of electromagnetic force when E = −1 is found to accelerate the flow and hence acts as a magnetohydrodynamic generator. Further, the direction of flow when E > 0 is opposite to that when E < 0 and hence the present configuration can be used effectively for flow reversal situations in many practical problems.
The flow equations are coupled and nonlinear. The analytical solutions are found using the perturbation method and numerically using the Runge-Kutta shooting method of fourth order. The flow field for asymmetric heating (R T = 1) is obtained and depicted in Figs. 2-7 for fixed values of the parameters M = 9, ⌳ = ±500, Bi 1 = Bi 2 = 10, and = ±6, for short circuit (E = 0) and open circuit (E = ±1) except the varying one. Equation (33) is the velocity field in the absence of Brinkman number (Br = 0) in which the corresponding profile is graphically shown in Fig. 2 . There is a flow reversal near the cold wall at y = −(1/4) for mixed convection parameter ⌳ = 1000 and there is a symmetric profile for ⌳ = 0 for both open (E = ±1) and short circuits (E = 0). Equation (39) is evaluated for temperature field in the absence of mixed convection parameter ⌳, which is depicted graphically in Fig. 3 for different values of Brinkman number, Br, for both open and short circuits for equal Biot numbers. The temperature field increases with increasing values of Brinkman number. For unequal Biot number the effect of Brinkman number on the temperature field for ⌳ = 0 is shown in Fig. 4 . The effect of Brinkman number for unequal Biot numbers on the temperature field is similar to that of equal Biot numbers. The velocity and temperature field for Br = 0 and ⌳ = 0 are the similar graphs obtained by Zanchini [28] in the absence of magnetic and electric field. It is also observed that the analytical and numerical solutions agree very well as shown in Figs. 2-4 . Figure 5 shows velocity and temperature for = ±6, ⌳ = ±500, and E = 0, ±1 with equal Biot numbers. The number of terms of the perturbation series that is sufficient to attain convergence depends on ⌳ and . The plots that appear in Fig. 5 have been obtained with seven terms of the perturbation series. It is seen that for large values of ⌳ flow reversal occurs both at the cold and hot walls, depending on whether the flow is assisting (⌳ > 0) or opposing (⌳ < 0). In addition, the effects of E are found to prevent fluid motion, that is, the velocity decreases as E increases. The intensity of flow reversal is therefore enhanced by the effect of increasing E, irrespective of the flow being assisting or opposing. The flow nature for ⌳ = ±500 is similar to the results of Umavathi and Malashetty [15] in the absence of applied electric field. The temperature field increases with increasing for both assisting (⌳ > 0) and opposing (⌳ < 0) flow for both open and short circuits. The effect of Hartmann number on the velocity and temperature fields is shown in Fig. 6 . The effect of Hartmann number, M, is to suppress both the velocity and temperature fields, which is due to the effect of retarding Lorentz force on the flow field for both open and short circuits. It is observed that there is a flow reversal near the cold wall and its intensity is enhanced for increasing values of electric field loading parameter. The results reported in Figs. 5 and 6 can be explained qualitatively as follows. A stronger viscous dissipation causes higher fluid temperature and, as a consequence, higher values of the mixed convection parameter. The increase of the mixed convection parameter yields an increase of the fluid velocity when the flow is upward and a decrease of the fluid velocity when the flow is downward. Figure 7 shows the plots of u and with Bi 1 = 1 and Bi 2 = 10 for ⌳ = ±500. It is observed that there is no flow reversal near the cold wall for short circuit for unequal Biot numbers when compared with equal Biot numbers for buoyancy assisting flow. For open circuit the magnitude of reversal flow near the left wall is smaller for unequal Biot numbers when compared to equal Biot numbers. However the flow nature for unequal Biot numbers remains the same as that for equal Biot numbers. Figures 8 and 9 are the dimensionless velocity and temperature for symmetric wall heating (R T = 0) condition. In Figs. 8 (equal Biot numbers) and 9 (unequal Biot numbers) the dimensionless velocity, u, and product, ⌳, are plotted for values of = ±6. It is observed from Figs. 8 and 9 that both u and ⌳ are increasing functions of for E = 0, ±1. Similar effects are also observed for the asymmetric wall heating condition. The effect of electric field load parameter is found to prevent the fluid motion, that is, the velocity decreases as E increases. It is also observed that the temperature profiles are symmetric for equal Biot numbers and the dimensionless temperature profile is more significant in the case of upward flow ( > 0) than in the case of downward flow ( < 0) and becomes stronger if either Bi 1 or Bi 2 becomes smaller. Figure 10 shows the plots of Nu 1 and Nu 2 for ⌳ = 500, 100, and −300 versus || for both open and short circuits. Figure 10 show that Nu 1 is an increasing function of ||, while Nu 2 is a decreasing function of || for both open and short circuits. It is also seen from Fig. 10 that the effect of on Nu 1 and Nu 2 is stronger for lower values of ⌳ for assisting flow. Concerning the effect of Nu 1 and Nu 2 on || in the absence of electric field loading parameter and applied magnetic field, the results agree with Zanchini [28] . Figure 11 shows the plots of average velocity, ū, versus || for different values ⌳ = 500, 100, and −300 for both open and short circuits. The average velocity, ū, is an increasing function of || when the flow is upward, while it is a decreasing function of || when the flow is downward for both open (E = ±1) and short circuits (E = 0). In the absence of electric field load parameter and applied magnetic field the plots of average velocity versus || agree with the results of Zanchini [28] . Zanchini's [28] values are obtained by considering 12 terms of the series expansion and the present model values are computed using the Runge-Kutta shooting method. It is observed from Table 1 that the Zanchini values and the present values agree up to the order of 10 −7 .
Figures 2-11 also indicate that the profiles for E = 0 lie between E = ±1. The profile for E = −1 lies above the profile for E = 0 whereas the profile for E = 1 lies below the profile for E = 0. Thus the flow can effectively be controlled (either to assist or to oppose) by controlling the electric field load parameter.
Conclusion
The effects of viscous dissipation, mixed convection parameter, Hartmann number, and electric field load parameter on fully developed mixed convection in a vertical channel has been analyzed for boundary conditions of the third kind. Both cases of asymmetric (R T = 1) and symmetric (R T = 0) wall conditions with equal and different Biot numbers were analyzed. As the Hartmann number and electric load parameter increase, the flow is suppressed. For upward flow ( > 0) the velocity and temperature are increasing functions of , whereas u is a decreasing function of and is an increasing function for downward flow ( < 0). The Nusselt numbers are stronger for lower values of ⌳ and the average velocity is stronger for higher values of ⌳ for assisting flow. In the absence of Hartmann number and electric field load parameter, the present model solutions agree with those reported by Zanchini [28] . 
